The 
Introduction
With the development of microfluidic devices and their applications in microelectromechanical systems and microbiological sensors [1, 2] , the research field of electroosmosis (EO) has become very attractive. Recently, some researchers [3, 4] pointed out that the micelle structure of polymer electrolyte membranes (PEMs) might consist of only cylindrical nano-channels, which facilitate water and proton transport, rather than large water pore clusters connected by smaller nano-channels as in Gierke's model. This raises the problem of how to model the fluid's electro-osmotic flow in a straight pipe of circular cross section.
Extensive studies of electro-osmotic flow, including steady flow and unsteady flow, in micro-channels have been reported theoretically, experimentally and numerically. An electro-osmotic flow problem in an infinite cylindrical pore with a uniform surface charge density has been studied analytically by Berg and Ladipo [5] , the results reveal the distribution of the electric potential and the counterions (protons), the velocity profile of the water flow and its associated total flux, as well as the protonic current, conductivity and water drag. Chang [6] presented a theoretical study on the transient electro-osmotic flow through a cylindrical microcapillary containing a salt-free medium;presented for both constant surface charge density and constant surface potential. The exact solutions for the electric potential distribution and the transient electro-osmotic flow velocity are derived by solving the nonlinear Poisson-Boltzmann equation and the NavierStokes equation. With the application of a stepwise voltage, Mishchuk and González-Caballero studied a theoretical model of electro-osmotic flow in a wide capillary [7] , both periodical and aperiodical flow regimes were studied with arbitrary pulse/pulse or pulse/pause durations and amplitudes.
Microfluidic devices are usually used to analyze biofluids, which are often solutions of long chain molecules and their behaviour are very different from that of Newtonian fluid, such as memory effects, normal stress effect, yield stress, etc. These fluids cannot be treated as Newtonian fluids. Many researchers have recently focused on non-Newtonian fluid behaviour of biofluids in electrokinetically driven microflows. The first research of nonNewtonian effects to electro-osmotic flow was done by Das and Chakraborty [8, 9] , in their studies, the biofluids were treated as power-law fluids, and the analytical solution, describing the transport characteristics of a non-Newtonian fluid flow in a rectangular microchannel, was obtained under the sole influence of electrokinetic effects. For the same non-Newtonian fluid model, Zhao and Yang [10] obtained the general Smoluchowski velocity for electroosmosis over a surface with arbitrary zeta potentials. Furthermore, they presented a comprehensive review of electrokinetics pertaining to non-Newtonian fluids [11] . Park and Lee [12] derived a semi-analytical expression for the Helmholtz-Smoluchowski velocity under pure electroosmosis conditions for the full Phan-ThienTanner (PTT) constitutive equation, and they used a finite volume method to calculate numerically the flow of the full PTT model in a rectangular duct under the action of electroosmosis and a pressure gradient [13] . With the help of a Fourier transform, Bandopadhyay and Chakraborty [14] investigated the dynamical interplay between interfacial electrokinetics and a combined dissipative and elastic behavior of flow in narrow confinements. Recently, they addressed the implications of finite sizes of the ionic species on electroosmotic transport through in narrow confinements in the case of a counterion-only solution, and pointed out that the electroosmotic mobility is dependent on both the size of the channel and the size of the ions [16] . Zhao et al. [17] examined the transient electro-osmotic flow of Oldroyd-B fluid in a narrow capillary tube, the effects of relaxation time and retardation time on the velocity profiles were analyzed numerically and analytically. In the past decades, various researchers have successfully introduced the fractional calculus into rheological problems to describe the viscoelastic property of nonNewtonian fluid [18] [19] [20] , however, these studies were considered at macroscale. Recently, new lumped-element models of red blood cell mechanics has been constructed using fractional order generalizations of springs and dashpots [21, 22] . Comparing with the classical non-Newtonian fluid models, such as Oldroyd-B fluid, fewer parameters will be considered by using fractional viscoelastic fluid model. To our best knowledge, very little research of the electro-osmotic flow of viscoelastic fluids with fractional derivatives has been reported yet, except the study by Zhao and Yang [23] , nevertheless, the effects of the fractional parameters of the fractional viscoelastic fluid model have not been discussed in their study. In this present study, the non-Newtonian fluid is modelled by the generalized Maxwell fluid with fractional derivative. The purpose of this paper is to present the analytical solution of unsteady electro-osmotic flow of generalized Maxwell fluid in a cylindrical capillary, and to discuss the effects of physical parameters, such as the relaxation time, the fractional derivative parameter, and the Debye-Hückel parameter on the generation of flow.
Governing equations

Constitutive equation of generalized fractional Maxwell fluid
The continuity equation for an incompressible fluid is
In one dimension, the constitutive equation of generalized Maxwell fluid can be expressed in terms of
where τ is the shear stress, γ is the shear strain, λ = µ/G 0 is the relaxation time and G 0 is a shear modulus, µ is a viscosity constant, α and β are fractional parameters such 0 ≤ α β ≤ 1, and α / α is the Caputo fractional derivative. However, Friedrich [24] proved that this kind of rheological constitutive equation shows fluid-like behaviour only in the case β = 1. Therefore, the following constitutive equation of a generalized Maxwell fluid is used in this paper:
Mathematical model of the flow
Consider the electro-osmotic flow of a generalized Maxwell fluid of dielectric constant ε, at rest at time ≤ 0, contained in a straight pipe of circular cross section and radius R. It is assumed that the pipe wall is uniformly charged with a zeta potential, ψ . When an external electric field E 0 is imposed along the axial direction, the fluid in the pipe sets in motion due to electro-osmosis. All quantities are referred to cylindrical polar coordinates ( θ ), where is measured from the axis of the pipe and along it. If we assume a velocity distribution of the form
the initial condition is given by
and the equation of continuity (1) is satisfied automatically.
According to the theory of electrostatics, the net charge density ρ is expressed by a potential distribution ψ, which is given by the Poisson equation,
The boundary condition is that the zeta potential ψ is given on the wall of the pipe,
In present research, we assume that the charge distribution in the Debye layer is not affected by time, i.e., the wall of the pipe has constant electric potential E 0 . Then the relevant equation of motion reduces to
which has the following initial and boundary conditions
Exact solution for the model
Neglecting all non-electrostatic interactions between the ions including the ionic finite size, i.e., here we assume that the ions are point sized, for small values of electrical potential ψ of the electrical double layer (EDL), the Debye-Hückel approximation can be used successfully, which means physically that the electrical potential is small compared with the thermal energy of the charged species. So we have the linearized charge density
where ν is the valence of ions, is the fundamental charge, B is the Boltzmann constant, T is the absolute temperature. With the help of the Debye-Hückel approximation [25, 26] , Eq. (6) can be linearized to
Then the equation of motion (8) becomes 
Eliminating τ from (13) and (14) yields
and substituting the above normalized variables into Eqs. (12), (15) and the initial boundary conditions (7), (9), (10) yields (for simplicity, the non-dimensional symbol "*" is omitted hereafter)
where K = κR is called the nondimensional electrokinetic width, and λ = (λ µ/R 2 ρ) α is normalized relaxation time. The solution of problem (17) and (19) is
where I 0 is the zero-order modified Bessel function of the first kind. Subsequently, in order to get the exact solution of the model, introducing Laplace transform and inverse Laplace transform
and the Hankel transform and its inversẽ
where J 0 is the zero-order Bessel function of the first kind, the β values are the positive roots of J 0 (β ) = 0. Substituting ψ( ) into (18) , then using Laplace transform and Hankel transform with respect to and , respectively, results in˜
Applying Hankel transform to Eq. (17) yields the expression forψ(β )ψ
here we use the operational property of finite Hankel transform for derivatives,
Substituting (28) into (27) and using inverse Hankel and Laplace transforms, we can obtain the analytical solution for velocity profile
Here, E α β ( ) is the generalized Mittag-Leffler function [15] , and it is defined as
Furthermore, the total transient volume flow is defined Q( ) = 2π 1 0 ( ) , then we have 
which is the distribution of steady velocity profile in the capillary.
Newtonian fluid model
The Newtonian fluid is a special kind of fractional Maxwell fluid with λ = 0, from general formula Eq. (27) , the exact solution can be expressed as
or another from
Eq. (34) has the same form with the result obtained by Kang et al. [27] using the Green's function method. Obviously, the advantage of the solution in this paper, Eq. (35), was its simplicity, which is resolved into two parts. The steady part
is known and consistent with the result given by Rice and Whitehead [28] , and the rest is the unsteady one.
Standard Maxwell fluid model
When λ = 0 and α = 1 in (30), we get the solution for Maxwell fluid, which takes the form
where
and
Numerical results and discussion
As is known to all, the fractional parameter α plays an important and fundamental role of constructing different fractional models, we first study start-up pipe flow for the fractional Maxwell model. Fig. 1 shows the generation of flow for different values of α at the centre of the pipe. Without loss of generality, these curves were constructed with λ = 1 and K = 10. Clearly, oscillations occur just after the beginning of flow, and it is seen that increasing α tends to enhance the oscillation about the terminal velocity. As goes to infinity, the centre velocity tends to steady state flow, indicated by 1 − I 0 (10 )/I 0 (10) ≈ 1 0, is reached much faster for a smaller value of fractional parameter α. When α = 0 6, the effect of K on the generation of flow at centre of pipe is shown graphically in Fig. 2 . As shown in the figure, the decreasing K dampen the oscillation of velocity. When K 1, the steady velocity tends to 1.0. In fact, asymptotic expansions show that I 0 (K )/I 0 (K ) can be negligible when K 1. Fig. 3 gives the curves of the centre velocity with respect to for various values of λ when α = 0 6 and K = 10. It can be observed that the oscillations become more accentuated for a larger value of λ, so the frequency of those oscillations are. When λ is very small, λ → 0, the fractional Maxwell model (3) reduces to the classical New- tonian fluid model, and the behaviour of flow will tend to that of Newtonian fluid. In addition, for greater values of relaxation time, the velocity overshoot is stronger, and it needs more time to start up the flow in the capillary, so it is to attain the steady state flow. These results are in accord with those obtained by Tan [29] . 
Hence, at large enough time, the steady velocity and total volume flow persist. 
Conclusion
